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Summary

• We derived a methodology to fit Basal Area 
prediction-projection including uncertainty 
estimates.

• The methodology gives different weights to BA 
projections that are over a larger time span.

• A dummy-variable coding approach was utilized 
to include effects due to silviculture.

• Our formulation improved over the existing 
methodology resulting in more accurate 
predictions.
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The Problem

Bt = f(β, At,  Ht,  Nt) (1)

Bt+i = f(β�, At, At+i, Ht, Ht+i, Nt, Nt+i ) (2)

Independently fitting (1) and (2) lead to two different estimates.
It would be desirable to have β = β�.



The Clutter prediction-projection system

Since we are using a mix of observed values, sometimes with predicted 
values, the errors are not going to be consistent, leading to potential biased 
estimators.

Since we are using the observed values, not estimated values.
this component is a random variable that introduces bias to the equation.



The model is then formulated as a system of non-linear equations, but 
we introduce a distinction between B predicted and B projected

(1)

(2)



Solve for  β1 as the invariant

Replace β1 into equation (2)





To solve using 
a linear 
system we 
define the 
vector y as:

Values part 
of the
prediction 
equation

Values part of 
all ascending 
overlapping 
trajectories for 
the projection 
equation.



With X matrix



We can futher expand the model to include silvicultural treatments applied at establishment

Model formulation with silv. Treatments



The model is being calibrated using a linear 
system, no need for fancy stuff.



The issue…

• It is natural to assume 
that as we project 
forward, we expect to see 
uncertainty to increase.

• Therefore a larger 
interval should have a 
lower weight in the 
estimation process.



Fitting the Prediction part assuming increase in 
heteroskedasticity over time require us to use a weights 
matrix that will have different elements on the main 
diagonal.



A quick parenthesis about errors in dynamic 
systems.

Difference between observed values
and predicted values at the same point in time.
No projection involved with this, no process.

Deals with the uncertainty present in the 
model due to incomplete process 
understanding or characterization.



And the noise in our projection 
can be modeled as a wiener 
process (white noise with drift)

The longer the projection interval, the more the chances for our
model to be inaccurate, due to incomplete process understanding.

This is also known as brownian motion (Garcia 1982)



How do we expand errors 
for a linear 
transformation?

The variance changes are proportional to the squared 
changes in our variable of interest



Bringing everything together, 
projection error can be 
summarized as



Weights were calculate for each site separating 
prediction from projection.

Constant Variance for
observation error

Variance proportional to the
size of the projection distance



When using non overlapping function, the weights 
matrix is expressed as follows

To keep things simple we are assuming no auto correlation,
Therefore we are have a diagonal matrix only.



We can solve this using a maximum likelihood approach, no need for a 
multivariate normal, since all of diagonal values are assumed to be zero.

Difference between observed 
and predicted

Weighted by the observed variance

Difference between observed and projected from previous measurement

Weighted by the sum of  the propagated error from previous 
measurement plus a winer process with drift

Rate of change in the target variable
Wiener 

process with 
drift



Data

1. Basal area (m2ha-1)
2. 125 plots maintained by PMRC
3. Stands measured over 20 years
4. Silvicultural treatment include:

• Control (C)
• Fetilization (F)
• Competition Control (H)

5. Data structure considered all non-
overlaping accending intervals.
6. 22% data left aside for validation.



Large mortality for F treatment, leading to a more challenging 
test for a BA model. ATH and BFM left aside for validation.



Models evaluation

• The data was divided into a training (80%) and validation set (20%).

• Only non-overlaping ascending intervals were considered for this evaluation, 
to avoid a multivariate normal variance-co-variance matrix.

• Evaluation metrics include RMSE and AIC.



Results



Weighed regression returned better AIC and log likelihood, not better R2,and comparable RMSE.



Relationship between estimated and observed basal area in simultaneous fit incorporating silvicultural 
treatments for both training and validation dataset



Conclusions
• As expected, fitting the simultaneous system 

always lead to lower AIC and log-likelihood.
• RMSE and R2 did not change much.
• Validation dataset was slightly better than the 

training dataset, with the advantage of being able 
to estimate prediction error forward, and the 
added benefit of compatibility.

• The simultaneous fit would benefit from including 
all possible ascending combinations but 
requiring a multivariate normal likelihood and 
extra parameters for cross equation correlations.
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